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Abstract

In finite element method (FEM), a mesh is said to be tangled if it contains inverted elements. Tangling can
occur, for example, during mesh generation, mesh morphing, shape optimization, and/or large deformation
simulation. In standard FEM, tangled meshes can lead to erroneous results; further, untangling may not
always be possible.

The objective of this paper is to introduce a tangled finite element method (TFEM) for 2D quadrilateral
meshes. In particular, we consider here implicitly tangled meshes where some of the elements are only
partially inverted, i.e., are concave; such meshes are harder to untangle than ezplicitly tangled meshes where
the elements are fully inverted.

The proposed TFEM framework fundamentally rests on an unambiguous definition of the field in the
tangled region. This definition naturally leads to certain correction terms in the FEM stiffness matrix.
Once these corrections and an equality condition are included, we demonstrate that accurate solutions can
be obtained over even severely tangled meshes. The theoretical properties of the proposed TFEM are
established, and the implementation is discussed in detail. Several numerical experiments are carried out to
illustrate the robustness of the proposed method.

Keywords: Tangled Mesh, Quadrilateral mesh, Finite Element Method, TFEM, Concave elements,

Self-intersection

1. Introduction

The finite element method (FEM) [1, 2] is a ubiquitous choice for solving boundary-value problems [3].
FEM fundamentally relies on constructing a mesh that must satisfy various requirements: (1) be simply
connected (2) conform to the boundary (3) be of good quality and (4) not contain inverted elements [2]. The
focus of this paper is on a finite element formulation for handling inverted elements.

An element is said to be inverted if the determinant of the Jacobian associated with the parametric
mapping [2], that underlies FEM, is negative at any point within the element. A mesh containing one
or more inverted elements is said to be tangled (or folded). Further, one can distinguish between explicit

tangling and implicit tangling [4, 5]. Explicit tangling is when an element is completely inverted, i.e., the
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determinant of the Jacobian is negative everywhere within the element as in Fig. 1la; such elements will
explicitly overlap with their neighbors. This typically occurs in linear triangle and tetrahedral meshes, but
can also occur in other types of meshes [6]. On the other hand, implicit tangling is when an element is
partially inverted, i.e., the determinant of the Jacobian is negative within parts of the element as in Fig.
1b; such elements only implicitly overlaps with their neighbors. This is elaborated later in the paper, and is

more common in quadrilateral and hexahedral meshes.

(a) Explicit tangling. (b) Implicit tangling.

Figure 1: Inverted elements are highlighted.

It is well-known that inverted elements lead to erroneous results in FEM. To quote [7], “FEven a single
concave, or inverted element makes a mesh unusable for simulation”. Unfortunately, tangling can occur, for
example, during: (a) mesh generation [8], (b) mesh optimization [9, 10, 11], [12], (c¢) large deformation [13],
and (d) shape optimization [14].

Various strategies have been proposed to address tangling; untangling is perhaps the most common
[8, 9, 10, 11]. However, untangling is not always possible/reliable. To quote [12], “...there are no known a
priori test to determine if a mesh can be untangled”. Further, untangling can be expensive, and can pose
challenges in mapping of simulation data.

Methods to directly handle inverted elements have also been proposed. For instance, the method of
invertible finite elements [15, 16] can handle inverted simplicial elements formed during large deformation
simulations; however the theoretical basis for this method was not established. Methods such as smoothed
finite element [17], and various polygonal finite element methods [18, 19] using harmonic [20] and maximum-
entropy shape functions [21], virtual element method [22], n-sided smoothed finite element method [23] allow
for partially inverted (concave) quadrilateral elements. However, they entail major implementation changes
to FEM. For instance, many of these are based on shape functions different from those of FEM.

An alternate strategy was proposed in [4, 5] for handling ezplicitly tangled triangle and tetrahedral
meshes. The main feature of this method is that it uses the same basis functions as FEM, and tangling is
accounted for by simply incorporating correction terms to the standard stiffness matrix (see Section 2), thus
requiring minimal modification to the existing FEM framework. This was later extended to handle ezplicitly
tangled quadrilateral meshes in [6].

The objective of this paper is to generalize this method to handle implicitly tangled quadrilateral meshes,



that are more difficult to handle, and more common than explicitly tangled meshes [24]. The proposed
method, referred to here as tangled finite element method (TFEM), fundamentally rests on an unambiguous
definition of the unknown field in the tangled region. This definition naturally leads, once again, to certain
correction terms in the FEM stiffness matrix. In addition, an equality condition must also be imposed
in implicit tangling. When these corrections and constraint are included, we demonstrate that accurate
solutions can be obtained over even severely tangled meshes.

The remainder of paper is organized as follows. The background on handling explicitly tangled meshes
is reviewed in Section 2. Section 3 describes the proposed TFEM formulation for implicit tangling, and
its theoretical properties. Section 4 discusses the implementation of TFEM. This is followed by numerical

experiments in Section 5, and conclusions in Section 6.

2. Background

In this section, the concept for handling explicit tangling is briefly reviewed.

2.1. Motivation

To illustrate explicit tangling, we consider the following Poisson problem:

Find u € H}(Q)

/(Vv)TD(Vu) Q0 = /vfdQ (1)
Q

Q
Vo € HH(Q)
where, ) C R”,n = 1,2,3 is a domain and D is a constitutive matrix. To solve the above problem over a
finite element mesh, recall that in FEM, the field at any point within a mesh element F; is approximated
using shape functions as follows:

u"(p) = N (p)a; (2)
where, N, = {J\f;’1 (p) Nj’? (p)... N;m (p)} are the shape functions associated with the nodes of that element,
and @; = {u® u™...u'}T are the unknown nodal degrees of freedom associated with E;. In the Galerkin
formulation [2], this leads to:

T T

/VZN]- D(V%:Nk>d9 a:/ ZNj fdQ (3)
J Q J

Q

Upon numerical integration, this yields a linear system of equations:

K% = f (4)



where 4 represent unknown nodal degrees of freedom, and

K'= ] VN DVN,;dQ, (5)
AssembleEj

f= 11 /N]-deQ. (6)
AssembleEj

To understand the impact of tangling, consider a 1D domain with f = 1. The domain is discretized
into 3 elements, each associated with linear shape functions as illustrated in Fig. 2b; observe that the mesh
is not tangled. The computed FEM solution is illustrated in Fig. 2c, together with the exact solution
u=uz(l—x)/2.
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Figure 2: (a) One-dimensional domain, (b) discretized into linear three elements (c) solution obtained by FEM

Now, we will tangle the mesh as follows: vertex 2 is moved to the right (to 2/3) , while vertex 3 is moved
to the left (to 1/3) as illustrated in Fig. 3a. In other words, element F5 is flipped, i.e., the determinant
of the Jacobian for Fs is negative everywhere within the element. If we employ ANSYS APDL 2020 R2
to solve Eq. 1 over the given explicitly tangled mesh, the resulting solution is illustrated in Fig. 3b. The
solution at vertex 2 and vertex 3 is u = 1/3. Observe the following: (1) since there are three elements that
occupy the region = € (1/3,2/3), the field is ambiguous in this folded region (indeed, one obtains different
values for the field at © = 0.5, depending on the element we use to compute the field), and (2) in the regions

x €[0,1/3) and = € (2/3, 1], the field is unambiguous but deviates significantly from the exact solution.
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Figure 3: (a) Explicit tangling in 1D with three elements (b) Solution obtained by FEM.

2.2. Concept for handling explicit tangling
Of course, it is easy to untangle the mesh in the above example. However, we will study how one can
handle tangling in a modified FEM framework. As noted earlier, any point in the tangled region can be
interpreted as belonging to multiple elements; see Fig. 3a. Thus the field is ambiguous in the tangled region,
and Eq. 2 is invalid. Solving this ambiguity is considered the first step to solving the tangling problem.
Towards this end, we define the orientation 6; of an element E; as the sign of the determinant of Jacobian
associated with that element.
0; = sgn(|J;|) (7)
In the tangled mesh in Fig. 3a, ; = 03 = +1, and 63 = —1. Then, the field at any point is defined [4, 5] as
the oriented sum of the contributions from all elements the point belongs to:
u"(p)= D 0;N,(p)i; (8)
JIPEE;

Observe the fundamental difference between Eq. 8 and Eq. 2. Substituting Eq. 8 in the Galerkin formulation

of Eq. 1 leads to:
T T

/ vZeij D(Vzk:@ka>dQ a:/ Zeij fdQ (9)
J Q J

Q
The left-hand side (LHS) of Eq. 9 can be regrouped as:
2/9? (VNj)TD(VNj)dQJrZZ/ejek (VN,)"D (VN})dQ
i i k#ig

Since 0; = £1, 9?. =1, Eq. 9 simplifies to:

Z/VN]TDVdeQJrZZ / 0,0,V N DVN .dQ) a:Z/GijdeQ (10)

o i KipnE, I B



The first term on the left hand side of Eq. 10 corresponds exactly to the stiffness matrix in Eq. 4. The
second term captures the coupling between overlapping elements. Observe that, while there may be many
overlapping elements that contain the same point, only one element pair need to be considered at a time.
The right-hand side (RHS) of Eq. 10 is also different from the RHS of Eq. 4. In summary, Eq. 10 can be
written as:

(KO + KN) a=f (11)

where

0 _ T
K= ][] [ VN/DVN;d0
AssembleEj
K= ]] / 0,0,V IN] DV N .dS

AssembleEijk#j

=11 /GijdeQ (12)
AssembleEj

Thus the cross-term K~ and signed forcing term fe must be computed; the superscript ‘N’ denotes
stiffness components due to explicit tangling, typically involving neighboring elements. Observe that if there
are no overlaps, K is identically zero and f‘9 is exactly equal to f. The solution obtained by solving Eq.
11 over the tangled mesh is illustrated in Fig. 4. Not only is the field unambiguous everywhere, the accuracy

matches that of FEM over an untangled mesh.
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Figure 4: Solution for tangled mesh using Eq. 11.

2.3. Faxplicit Tangling in 2D
The above concept for explicit tangling is applicable in higher dimension as well. For example, consider
the 2D domain €2 discretized into bilinear quadrilateral elements as in Fig. 5a. The elements are convex

and non-overlapping. One can easily create an explicitly tangled mesh as illustrated in Fig. 5b and Fig.



5c. For this tangled mesh, the orientation of the flipped elements are negative throughout that element, and
thus the mesh is said to explicitly tangled. The formulation discussed in the previous section (from Eq. 7
to Eq. 10) can be generalized to handle such higher dimensional problems. Specifically, explicitly tangled

simplicial meshes are discussed in [4] while explicitly tangled quadrilateral meshes are handled in [6].
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Figure 5: Explicit tangling in quads: (a) regular mesh (b) elements associated with vertex 4 (c) explicit tangling.

3. Proposed TFEM Framework for Implicit Tangling

The objective now is to generalize the above formulation to handle implicitly tangled quadrilateral meshes.
The fundamental characteristic of an implicitly tangled mesh is that some of the elements may be concave,
i.e., only partially inverted. As an example, consider the unit square domain with two quadrilateral elements
in Fig. 6a, one of which is concave as illustrated in Fig. 6b. Although the two elements are not explicitly
overlapping, there is implicit tangling due to the concave element, as explained below. This, as is well known,

will lead to erroneous results in FEM.
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Figure 6: (a) 2-D domain discretized into two bilinear quads. (b) Concave element.



3.1. Challenges in Implicit Tangling

To understand the challenges underlying implicit tangling, consider the standard isoparametric bilinear
mapping from the parametric (£,n) space of a concave element in Fig. 7a to the physical space (z,y) in
Fig. 7b. Given the coordinates of the four nodes (x%,4") of a quad element, recall that the parametric
mapping is defined via the standard bilinear shape functions N*(¢,n) [2]:

4

4
z(&n) =D Nz y(En) =D N(Eny (13)
=1

i=1
For the particular concave element in Fig. 7b this reduces to:

e R (14)

There are several implications of this mapping.

Parametric Space Physical Space

(2) () (e)

Figure 7: (a), (b) Parametric mapping of the concave quad onto the physical space (c¢) Concave element with the folded region.

First, note that the determinant of the Jacobian associated with this mapping is given by:

Tie Ty | 2-36—3p

I = 9

(15)
Y& Y

Therefore, |J| vanishes on the line 3¢ + 3n = 2, dividing the parametric space into a positive |J| region

and a negative |J| region as illustrated in Fig. 7a. In other words, the determinant of the Jacobian changes

sign within the element. Although |J| = 0 corresponds to a straight line in the parametric space, the

corresponding curve in the physical space is quadratic (see Fig. 7c).

Second, all points in the parametric space with a negative |J| map to points outside the element. For
example, the point a(§ = 2/3,7 = 2/3) in the parametric space maps to the point p(z = 5/16,y = 5/16)
that is outside the concave element as depicted in Fig. 7a and Fig. 7b.

Third, for every point a in the negative |J| space, there is a corresponding point b in the positive |J|

space that maps to the same physical point. As illustrated in Fig. 7a parametric points a(§ = 2/3,n1 = 2/3)



and b(¢ = 0,7 = 0) map to the same physical point p(z = 5/16,y = 5/16) in Fig. 7b. Since two different
points in the parametric space map to the same physical point, the mapping is non-invertible. In other
words, the element overlaps with itself, creating a folded region, and resulting in a self-tangled or implicitly
tangled element as illustrated in Fig. 7c.

Given these observations, for the concave element E;, we define a positive (negative) component C} (C})
as the set of points in the physical space that map from positive (negative) part of the parametric space.

Thus E; can be expressed as the difference between the two components (see Fig. 8a and Fig. 8b):
E,=C{ -Cy (16)
Further, it can be observed from Fig. 8b that
cincy =0y (17)

since C] 1is the subset of C{. On the other hand, the convex element E5 has only the positive component
(see Fig. 8¢):
Ey=C5; C; =0. (18)

Finally, since the folded region C; lies outside the concave element, it overlaps with the neighboring
convex element as illustrated in Fig. 8d. In this case, we have only one neighboring element. But in general,

the folded region can overlap with multiple neighboring elements as illustrated later in Section 4.
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Figure 8: (a) Implicitly tangled mesh with two elements (b) Positive and negative |J| regions of the concave element (c) Convex

element of the mesh (d) Final physical space is self-overlapping.

In summary, for a concave bilinear quad element, (1) |J| takes both positive and negative values, (2) all
points in the negative |J| space map to points outside the physical element, (3) the parametric mapping

is non-invertible, and (4) a mathematical fold exists in the physical space which makes the element not



only self-intersect, but also intersect with the neighboring element(s). The proposed TFEM methodology to
handle such implicitly tangled meshes is discussed next. Note that, in this paper, we do not consider twisted

quadrilateral elements such as the one in Fig. 9.

4(0,1)

10, 0) 2(1,0)

3(0.8,-0.5)

Figure 9: Twisted quadrilateral elements are not considered here.

3.2. Field Uniqueness and FEquality Condition

As noted earlier, any point in the implicitly tangled region can be interpreted as belonging to: (a)
different parametric regions of the same element, and (b) multiple elements. Thus, the field is ambiguous in
the tangled/folded region and Eq. 2 is invalid. As in explicit tangling, resolving this ambiguity is the first
step. Towards this end, observe that since a point within an element can belong to two different parametric
regions, the notion of shape functions at a physical point needs to be clarified. We therefore propose the
following natural definition.

Definition: For a concave element Ej;, Nj' are the four shape functions of element E; evaluated at
point p corresponding to the component Cj, while N are the four shape functions evaluated at point p
corresponding to the component C; .

For example, in Fig. 7b, N (p), where p = (x = 5/16,y = 5/16), are the shape functions of element
E, evaluated at (£ = 0, n = 0) whereas N (p) are the shape functions of element E; evaluated at (£ =
2/3, n=2/3).

Definition: For a convex element Ej, N} (p) are the four shape functions of element Ej, evaluated at
point p, while N (p) are assumed to be zero since the component C, does not exist.

With these definitions, the field at any point p is defined in TFEM as the oriented sum of the contributions

from all components the point belongs to:
u"(p)= Y Nfip)a;— > Nj(p)a, (19)
ilpecy jlpeCy

Observe that the first term on RHS of Eq. 19 corresponds to C’;L, and the second to Cj_. We refer to Eq. 19 as
the unambiguity condition, i.e., given the nodal values, the field is now unambiguously defined everywhere.

This will be used later to derive the TFEM stiffness matrix.

10



In addition we will need a second set of equations. Specifically, consider the point ¢ in Fig. 10. Since

this point belongs to 3 different components C;", C; and C3, from Eq. 19, the field at g is given by:
u"(q) = N{(9)a1 — N1 (9)21 + N3 (¢)@ (20)
1 1 1 \q)uq 2 (q@)u2

where 4, are the four nodal values of element F;, and 4y are the four nodal values of element Fs.

4 3

1 2

Figure 10: Equality condition must be imposed at all concave vertices.

In the limit ¢ — ¢, i.e., in the limit of ¢ approaches the physical location corresponding to vertex vs, the

last two terms in Eq. 20 cancel each other, resulting in
u(t) = NT (t)i (21)

ie.,

ul(t) = NI (#)ut + NFF(t)u? + NPT ()’ + N (t)u? (22)

We will require here that u”(¢) must match the corresponding nodal value u°, i.e., we impose u”(t) = u?,
resulting in

Nt (u! + N2 ()u? + N (Out + (NPT () — 1)u® =0 (23)

Eq. 23 is referred to here as the equality condition that must be imposed at re-entrant vertices of all concave
elements in the mesh. In the next section, we will show that this condition, together with the unambiguity

condition, is essential to capture constant strain fields.

3.8. Theoretical Properties of TFEM

Recall that in standard FEM, the field must satisfy three conditions for convergence [2]:

1. Continuity: The field must be continuous within the element, and across element boundaries.
2. Rigid body: The element must be strain free under rigid body (constant field) conditions.

3. Constant strain: One must be able reproduce constant strain conditions exactly.

We show here that these three conditions are precisely met in TFEM.

11



3.3.1. Continuity
To establish continuity, we consider the field at a few points belonging to different regions of an implicitly
tangled mesh in Fig. 11. For points such as p and o (see Fig. 11), that are not in the fold, the field can be

computed as in classic FEM (see Eq. 2):

u"(p) = N3 (p)tis (24)
u(0) = N (o)t (25)
where 2, for example, are the four nodal solutions for element 2. From the continuity of the shape functions,

it follows that the field is also continuous at these points.

4

1 2

Figure 11: Post processing in an implicitly tangled mesh.

On the other hand, for points such as ¢ that belongs to multiple components Cf , C] and C; , the field

is computed from Eq. 19 as follows:
u"(g) = (N7 (¢) = N1 (q)) @1 + N3 (q)a (26)

Once again it is clear that the field is continuous within the fold. Next consider a point r located on the

curved edge (corresponding to |J| = 0) of the fold. This is a special case of Eq. 26 in that:

u(r) = lim (N7 (g) = N7 (q)) @1 + N3 (q)a2 (27)

q—)T
Recall that, since point r lies on the |J| = 0 curve in the physical space, it maps to a unique point in the
parametric space, i.e., N (r) = N7 (r). Thus:

u(r) = N3 (r)a (28)

Exactly the same expression is obtained using Eq. 24 in the limit as p — r, establishing the continuity of
the field across the curved edge of the fold.

Next, consider a point s in Fig. 11 on the straight edge of the fold. The field at point s can be obtained
by evaluating the expression Eq. 26 in the limit as ¢ — s. By the definition of FEM shape functions,

12



N7 (s) = N§(s). Therefore the field at point s can be written as:
ul(s) = NT (s)i (29)

Once again, this is exactly the expression obtained from Eq. 25 in the limit as o — s, establishing the
continuity of the field across the straight edge of the fold. Thus the field defined by Fq. 19 is continuous

within an implicitly tangled mesh.

3.3.2. Rigid body

Now consider a special case where the field is a constant, i.e., u = ¢. To ensure that one can capture such
constant fields exactly, we must prove that for any point ¢ located inside the folded region u"(q) = c.

From Eq 26, since i, = {c,c,c,c} T, @y = {c,c,c,c} T, NT(q) = {NlH(q), N12+(q),Nf+(q), N{H(q)}, etc.

we have:

i=1

u"(q) = <Z (N{*(q) = N{~ (@) + Né*(t]))) c (30)

This can be re-grouped as:

= (A0 - Y@+ 3w )
i=1 i=1 i=1
By the partition of unity property of shape functions, each summation equals to 1, i.e.,
u(@)=(1—-1+1)c=c
Thus the field defined by Eq. 19 can capture a constant field exactly.

3.3.8. Constant strain

Without the loss of generality, consider a constant strain field v = x. The z-coordinates of the nodes
of element F; are denoted by &; = {xl,xz,x5,x4}T and that for element Es by & = {mz,x3,x4,x5}T.
Note that, here, the node numbers are denoted using superscripts while element numbers are denoted using
subscripts. Assume that field at all vertices except the concave vertex is exactly equal to the z-coordinate
at that point. From the equality condition (Eq. 23), it immediately follows that u® = x°. Hence, we have
w1, = &1 and Uy = To.

Further, consider any point ¢ inside the fold. From Eq. 26, we have
u"(q) = (N7 (¢) = N1 (q)) @1 + N3 (0)22 (31)
From the isoparametric mapping of x (see Eq. 13), it follows that
u"(g) = NY ()21 — N1 ()1 + N3 (q)&2 = 27 — 27 + 2° (32)

Thus, the field at any point q is the fold is u”(q) = x9. Hence, the field defined by Eq. 19 along with equality

condition (Eq. 23) can exactly capture a constant strain field.

13



3.4. TFEM Assembly

Having established the theoretical properties of TFEM, we will now proceed to derive the underlying
linear system of equations. In particular, to derive the stiffness matrix, we substitute the unambiguous
definition of the field defined per Eq. 19 in the Galerkin formulation of Eq. 1 leading to:

T

K:/ VZ(Nij;) D

o (33)

VY (N} -Ny)

Regrouping;
=) {(v;m* Nﬂ)TD(VZ(N} Nﬁ)
+<v§j:(Nj—N;))TD<VZ(N;—N;)>}dQ (34)

Further, the first term of Eq. 34 can be expanded as

T _T _ T — _T
Z/VNj DVN7dQ +Z/VNj DVN;dQ -y / (VNJ.+ DVNj +VN; DVNj) dQ
- ,

+ J — J + —
¢ o cine;

(35)
Observe that the first term of Eq. 35 involves integration over C;‘ with integrand containing VN ;r terms.
Similarly the second term of Eq. 35 involves integration over C’; with integrand containing V.IN; terms.
These two terms together form the standard stiffness matrix K as discussed later in Section 4. On the
other hand, the third term of Eq. 35 involves integration over C’;r NCj, ie., over the fold, and the integrand
involves both the terms VN ;‘ and VIN ;. It captures the coupling between the components of the same
element. We refer to the third term as K S, where the superscript S alludes to self-intersection.
Next the second term in Eq. 34 captures the coupling between components of different elements, and can

be expanded as

KV :ZZ( / VN; ' DVN;dQ - / VN; ' DVN}dQ -

I OkET N o+ o+ -t
orncy oy neyt

/ VN/ ' DVN;dQ + / VNjTDVdeQ>
cinc, cyne;

where N alludes to intersection between neighbors. Recall that C,” = () for convex elements. In such cases,
the terms involving C} vanishes.

In summary, Eq. 33 can be written as:

K=K"+K°+K" (36)

14



where,

K° = / VN+ DVNdQ+ / VN7 DVN dQ (37)
Assemble j C,
k5= [ |- / VN DVN;dQ - / VN; DVN'dQ (38)
Assemble C’;W’TC; C;W’TC;

Y= ] ( / VN; DVN}do - / VN;  DVN}dQ
Assemble

cincy crneyt
/ VN; DVN;d2 + / VNjTDVdeQ> (39)
cine, c;ney

Similarly, substituting Eq. 19 on the right-hand side of the Galerkin formulation of Eq. 1, we get

T

f(’:/ SN (NF-Ny) | orae= ] /N“fdQ—/N £dQ (40)

Q J Assemble +

Finally, the equality condition defined in Eq. 23 when imposed at the re-entrant vertices of all the concave

elements, will lead to a set constraint equations:

Ci=0 (41)

where the number of rows in C is equal to the number of concave vertices. In summary, in TFEM we must

solve the following linear system of equations:

The Lagrange multipliers pu are not used further in this work.

3.5. Special Cases

Eq. 42 provides a generalized framework for handling not only implicitly tangled meshes, but also non-

tangled and explicitly tangled meshes.

3.5.1. Non-tangled mesh
First, consider the case where the mesh does not contain any tangled elements. All integrals containing
negative components C'j_ , C}, vanish. This implies that there are no overlapping regions i.e., C’? NnC =0,

C;' NC; =0, and C’;‘ NC, = 0. Further C'JT" and C} can be replaced simply by E; and Ej respectively.

15



Moreover, VIN ;r can be replaced by VIN; while VIN ; s zero. Thus, the terms K S and KV vanish, while
K° and f? terms reduce:

T 6 T
K= J[ [VN/DVNd, = [] [ N;rde
AssembleEj AssembleEi

These equations correspond precisely to Eq. 4. Further, the constraint matrix C does not exist.

3.5.2. Fxplicitly tangled mesh

Next, consider the case where the quadrilateral mesh is only explicitly tangled, i.e. it has negatively
oriented elements with no concave elements as in Fig. 5c. In this case, any element can either have a positive
component or a negative component, but not both, i.e. C;L N C; =0, ie., K vanishes. Further, since the
elements are not divided into multiple components, we write Cji simply as I, and the terms IN j and —IN ;7
can be replaced by 6;IN; where 0; either takes the value of 41 or -1. Finally, only one out of the four terms

of K" remains depending on the orientations of E; and Ej,. With these notations, Eq. 36 can be expressed

as:
K= ][] [ VN/DVN,d, = 1] [oN]rde
AssembleEj AssembleEj
K= 1]] / 0,0, VN ] DV N dS) K®=0
AssembleEank#j

Thus we recover Eq. 11 for explicitly tangled meshes. Once again, the constraint matrix C does not play a
role.
4. Numerical Implementation

In the previous section, we considered a two element mesh patch to explain the theory behind TFEM. In
this section, we discuss the implementation of TFEM, using a more complex four element patch in Fig. 12,

where the fold overlaps with multiple neighboring elements.
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(a) (b)

Figure 12: Implicitly tangled mesh with element E; being concave.

4.1. Geometric Processing

The first step in the implementation of TFEM is the detection of concave elements. This amounts to
computing and checking the four interior angles of every quad element. Thus, in Fig. 12, element F; is
concave. Given a concave element F;, the next step is to decompose its parametric space into two parts,
corresponding to the two components C’;r and C’j_ ; see Eq. 16. This decomposition can be carried out easily
as follows. Let the element be defined by vertices [(x1,y1), (2,¥2), (x3,¥3), (€4,94)]. Given the bilinear

mapping, the Jacobian is given by

J- Ty Ty :1 n—1 1-n 147 —(1+0n) T1 Ty T3 T4 !
ve ya | 61—+ 146 1-¢ noYe us s
The determinant simplifies to:
|J| = det(J) = co + 1€ + can (43)

where,

co = [(v1 — x3) (Y2 — ya) — (v2 — x4) (y1 — y3)]/8
c1 = [(z3 — 24) (Y1 — y2) — (¥1 — 22) (y3 — ya)] /8

ca = [(z2 — 23) (Y1 — ya) — (v1 — 74) (y2 — y3)] /8

We conclude that |J| = 0 is a straight line in the parametric space, defined by the constants cg, ¢; and cs.
Thus, the parametric space is decomposed into two parts on opposite sides of the |J| = 0 line.

Next, we consider all elements Fj, that share the re-entrant vertex with E;. For example, in Fig. 12
three elements Fy, F3 and E4 share the re-entrant vertex 9 with element F;. Therefore, elements Fs, Fs
and Fy intersect with different parts of the fold. Consider, for example, the intersection of element F4 with
the fold. Observe that boundary of the intersection is made up of three edges: two of them are straight

lines in the physical space, while the third is a curve obtained by mapping the |J| = 0 line. Thus for every
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neighboring element Ej, intersecting the fold with E;, we determine the boundary of the intersection region.

This intersection region must be triangulated for numerical integration.

4.2. Triangulating the Folded Region

To triangulate the folded region, the |J| = 0 curve has to be approximated by a finite number of line
segments. Sufficient number of segments is needed to ensure that all quadrature points lie within the fold.
To illustrate, let the |J| = 0 curve (highlighted) be approximated by four line segments, and the polygonal
fold triangulated, as in Fig. 13a. Observe that the integration points of certain triangles lie outside the folded

region, as seen in Fig. 13c. This will lead to erroneous results, including non-invertible Jacobians.

(b) (c)

Figure 13: Approximation of |J| = 0 curve using four segments: (a) Triangulation of the folded region, (b) Zoomed-in view of

region of interest (c) Integration points marked which lie outside the fold are marked with a circle.

To avoid these issues, sufficient number of segments must be used to ensure that all the integration points
lie within the folded region. We adopt a simple iterative scheme by doubling the number of segments until
all the integration points lie within the folded region. For example, with 128 segments, it is easy to confirm
for this case that all the integration points lie within the folded region. One may also employ an adaptive
procedure to sub-divide the segments. An alternate approach (but not pursued here) is to approximate
the fold by a non-convex polygon, and use direct integration techniques over such non-convex polygons; see

[25, 26, 27] for example.

4.3. Computing K*°
Now consider computing K 5 matrix in Eq. 38, where the superscript S refers to self-intersection. K o
is comprised of contributions from all concave elements within a mesh. A typical contribution kf from a

concave element E; is given by :

5 _ +T - -7 +
kS = — / (VN;'DYN; + VN; DVN) a0
cincy

Given the triangulation discussed previously, we have:

= S - / (VN7 'DYN; +VN; ' DVNY) dady

triangles triangle
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As is typical, each triangle is mapped to a standard triangle in (v, () space. Let |J;| be the determinant of
Jacobian associated with this triangle mapping. Thus, we have:
s _ +T - =T +
=Y —/ / (VN;'DVN; + VN DYNT) |J[dydC
triangles ¢ 15y
Consider a quadrature point (7yg,(,) of the standard triangle with weight w,. The corresponding point
(x4,yq) in the physical space belongs to both components Cf and C; . Let ( ;r,n;-r) and (§;,m; ) be the
respective coordinates in the parametric space (numerically determined via Newton-Raphson algorithm).
For brevity, the subscript ¢ has been dropped. We compute the Jacobian matrices (J j+, J ;) associated with

the quad parametric mapping at these quadrature points. Let

B} = (J]) 'Veu N (&5 m))

i
and

Bj = (J;) 'VeuNj (& .m)
Summing the contribution from all triangles results in:

K=Y - (B DB; +B; DB}, (44)

triangles q

The sub-matrices k]S from each concave element are then assembled to form K~.

4.4. Computing KN

Next, consider computing K N matrix in Eq. 39 where the superscript N refers to overlap between
neighboring elements. K N is comprised of contributions from pairs of neighboring elements within a mesh,
where one or both of the elements are concave. A typical sub-matrix k;\i due to an overlap of neighboring

elements E; and Ej, is given by:

kD, = / VNi DN} do - / VN; 'DVN;dQ
cincy crneyt
- / VN; DVN;d+ / VN; DVN;dQ
cine, crney
Observe that not all terms need to be considered depending on the concavity of the two elements. For
example, if element E} is convex, then the third and fourth term can be disregarded since C} does not exist.

To illustrate the computation of these terms, consider:

/ VN DVN/dQ

cirnct
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We must rely on the triangulation of the region C;r N C,j . For example, Fig. 14 illustrates the triangulation

of O N Cy involving elements E; and Fj.

Figure 14: Triangulation of the intersection region of the components Cfr and CI.

As before, consider a quadrature point (z4, ¥,) within a triangle. The corresponding points in the
parametric space ( J'-", n;r) and (f,j, 77,?) are determined (via Newton-Raphson). Once these points are com-
puted, gradients of the respective shape functions (V@N ;-", VenN :) and the Jacobian matrices (Jj, J 2‘)

associated with the parametric mapping to the standard quad can be determined at these points. Let

B} =(J])"'Ve, N (& 1)

and

B = (J{) 'VenNE(EE mh)

The integration can be obtained by summing the contribution from all triangles:

/ VNiTUNfae= Y Y (BN D (BY)|Jilw, (45)

triangles q
+Aot
crncy

Similarly, all other terms can be evaluated to compute k%, and assembled to form K.
4.5. Computing K°

We will now consider computing K° in Eq. 37, where K is comprised of contributions from all elements

within a mesh. A typical contribution k? from element E; is given by:

K = /VN;TDVN;dQJr/VNjTDVN;dQ

- +
C; C;
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If C; = (), this reduces to standard numerical integration over the parametric space. On the other hand,
when €' # (), we must exploit the triangulation of the fold C; and C;r as discussed earlier, and illustrated
again in Fig. 15a.

The triangulation for C;' consists of two parts: the triangulation over the fold, and the triangulation
over the non-folded region as in Fig. 15b. Note that these two triangulations need not be conforming since
they are used primarily for integration. Once the regions are triangulated, the two terms can be computed

as:

K= Z (B) elwg+ > ZB* (BY) | Jelw, — (46)

triangles in C triangles in C+

The sub-matrices kj are then assembled to form KV.

(a) (b)

Figure 15: Triangulation of the (a) C;" region and (b) C]'-"' region.

4.6. Computing fa

Finally, the forcing term fe is computed similar to classical FEM with two modifications — integration
takes place over each component, accounting for the orientation of the component. The latter is accomplished
by subtracting the contribution from the negatively oriented component €} before assembling.

£ = /N*deQ = /N f£dQ

Assemble

Similar to K° computation, the integration over C;r and C} regions can be performed by employing the

triangulation in Fig. 15.

4.7. Solving and Post-processing

Once all the terms in Eq. 42 are computed, the nodal values @ can be determined. Next, the field at any
point can be computed as follows. For points outside the fold, the field is computed similar to FEM. For
points inside the fold, contributions from each of the components have to be considered, as in discussed in

Section 3.2.
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Further, the gradient of the field Vu" can be computed easily, as follows. Consider Eq. 19 which represents
the field at any point p. Using the chain rule:

Au dz Oy oul
o6 \ _ [9¢ o€ ox
— 47
dun dz Oy ou” (47)
on on on Oy
On rearranging, we get:
dul dul
ox _ 71 o€
Aul =J Aul (48)
Oy on
where:
ouh ONT| ONT| .
5 = 3 8; TR asj i, (49)
jilpeC; P jlpecy P
oul ONT| ON; |
ETP e K Pl e R ()
jlpeCy P jlpeCy P

These equations are analogous to Eq. 19, except that the shape functions are now replaced by their deriva-
tives. Thus the basic rules of TFEM post-processing apply.
5. Numerical Experiments

In this section, we demonstrate the proposed method using numerical experiments. We consider a Poisson

problem over a domain {2 bounded by 9%:

~Vu(z,y) = f(x,y) in Q (51a)
u=g(z,y) on 9y (51b)
Vu -7 = h(z,y) on 0Q, (51c)

The problem is solved over various implicitly tangled meshes and boundary conditions. Numerical experi-

ments are conducted under the following conditions:

e The implementation is in MATLAB R2020b, on a standard Windows 10 desktop with Intel(R) Core(TM)
i9-9820X CPU running at 3.3 GHz with 16 GB memory.

e The number of quadrature points for convex quadrilateral elements is 16.

e Triangulation of the folded region is performed by employing MATLAB’s inbuilt mesher - generateMesh.

The number of quadrature points for triangles is 4.

The questions being investigated through the experiments are:
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e Accuracy: How does the accuracy of TFEM compare against that of the FEM? Does the accuracy of
TFEM and FEM depend on the extent of tangling? To measure accuracy, we consider the Ly and/or

energy errors; the Lo error is defined as:

[lu—u"||L,0) = (52)

and the energy norm is defined as:

lenllz = llu — u @) = / (Vu — Vur)T (Vu— Vah) d© (53)
Q

where u and u” are the exact and computed solutions respectively.

e Condition Number: The condition number is a measure of how close a matrix is to being singular
[28]; it is desirable to have a condition number close to unity. Here, we investigate the condition
numbers of FEM and TFEM linear systems. We also investigate if the condition numbers depend
on the extent of tangling. We employ MATLAB’s built-in function condest to compute the 1-norm

condition number.
e Convergence: Here we investigate if TFEM converges as the element size is decreased.

e Computational Cost: Finally, we investigate the computational overhead of TFEM for a sample

problem.

5.1. Patch Tests

5.1.1. Two element mesh

In the first experiment, we consider a square domain €2 € (0, 1)2 with the field u = z as the exact solution;
the corresponding Dirichlet boundary condition is applied on the left edge, and Neumann conditions on the
remaining three edges. The domain is divided into two quads, one of which is concave as in Fig. 16. In this
case, the folded region is shared by a single neighboring element. To vary the extent of tangling, the position

of vertex 5 is defined as in Fig. 16, where d € (0,0.5). Larger the value of d, greater is the extent of tangling.

4(0,1) 3(1,1)

5(0.5-d, 0.5-d)

1(0,0) 2(1,0)

Figure 16: Two element mesh with implicit tangling.
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Fig. 17 illustrates the Lo errors in FEM and TFEM, for varying extent of tangling. As one can observe,

TFEM leads to machine precision accuracy for all the values of d, while FEM is erroneous. In TFEM, due

to the equality condition, there is one additional degree of freedom compared to FEM. This leads to slightly

higher condition number in TFEM, but is well within acceptable range.

Errorin L, norm

. —O0—FEM —O—TFEM 1 10° —O0—FEM
E W : oM
10-5: : -g

=}

E 3 =z

b 1§ 10 :

i ]l 5

10 1 8
b i O
104 O\o—o/o\o—o/o‘o—"o\o:
E T T T T |- 101
01 0.2 03 0.4 05 01 02 03 04 05
d d

(a) (b)

Figure 17: Comparison of TFEM and FEM for two-element mesh: (a) Ly error vs. d, (b) condition number vs. d.

Fig. 18 illustrates the post-processed results for d = 0.4 for FEM and TFEM, where the domain is

triangulated and field at the nodes of all the triangles is computed by the procedure discussed in Section 4.7;

Visit 3.0.2 [29] was used for visualizing the results. As can one observe in Fig. 18, TFEM leads to a smooth

linear field, as opposed to FEM.

.— 1.000

-0.750
0.500
0.250
0.000

0.6
(a)

Figure 18: Post-processed solution obtained by (a) FEM (b) TFEM.
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5.1.2. Four element mesh

Next, we consider a square domain Q € (0, 1)2 with a linear field u = 0.579z + 0.246y — 0.374 as the

exact solution. Dirichlet condition is imposed on the left edge, while Neumann conditions are imposed on

the remaining three edges. The domain is discretized into 4 quadrilateral elements, one of which is concave

as in Fig. 19. The folded region is shared by three neighboring convex elements. To introduce asymmetry, we

move vertex 9 along an arc of a circle as illustrated, where a varies from 15° to 75°, and radius r = 0.125+/2.

4(0,1) 7(0.5,1) 3(1,1)

8(0,0.5) 6(1,0.5)

9 (rcosa, rsina)

1(0,0) 5(0.5,0) 2(1,0)

Figure 19: Implicitly tangled mesh with four elements.

Fig. 20a illustrates the Lo errors in FEM and TFEM, while Fig. 20b compares the condition numbers.

It is reassuring to note that the TFEM leads to machine precision accuracy, without a significant increase

in condition number.

Error in L, norm

T T T T T T T T T T T T
0 _| -
1077 —O—FEM —O—TFEM 7 250 —0— FEM ]
1o0—n o o o o o- —O— TFEM
] : 0. o-——o—‘o\ﬂ\o\o\o_
10°- ] z
] 4 S
=}
7 7 Z 150 .
- - c
S
1074 1 B
] 1 § 1004 -
4 4 50 4
0%y O—©H —0— 5 —O0—0—0
1 T T T T T T 3 T T T T T T
20 30 40 50 60 70 20 30 40 50 60 70
« (degree) o (degree)

(2) (b)

Figure 20: Comparison of TFEM and FEM for four-element mesh: (a) Error vs. « (b) Condition number vs. «

5.1.3. L-shaped domain

Next consider the mesh in Fig. 21 for the L-shaped domain. The concave element E5 is on the boundary,

and the folded region is not shared by any neighboring element. With the exact solution as v = 0.579z +

0.246y — 0.374, we apply Dirichlet condition on the bottom edge and Neumann on the remaining 5 edges.
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6(0.1) 5(0.5,1)

E;

4(0.5,0.5) 3(1,0.5)

Ey

7(0.2,0.2) E,

1(0,0) 2(1,0)

Figure 21: L-shaped domain discretized by implicitly tangled mesh.

Table 1 compares the performance of FEM and TFEM for the mesh. As in the previous experiments, we

observe that TFEM captures the field exactly with a comparable condition number.

Table 1: Comparing FEM and TFEM for the mesh in Fig. 21.

Method FEM TFEM
Lo error 5.6 x 1073 | 1.4 x 10716
Condition number 38.91 30.39

5.2. Convergence Study

While the previous experiments confirmed that TFEM satisfies various patch tests, we now investigate
the convergence of TFEM when the exact solution lies outside the span of the finite element space. We
consider an example from [30] where boundary conditions and heat source are such that the exact solution
isu = (1—2%)(1—y?). The domain is a unit square with Dirichlet boundary conditions. Various meshes are
constructed by using the two-element mesh (see Fig. 16) with d = 0.4 as the basic repeating unit. Fig. 22
illustrates a few sample meshes used for the convergence study; the basic units are scaled to conform to the

unit square domain.
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Figure 22: Meshes used for convergence study.

The Ly and energy norm errors for FEM and TFEM, as a function of mesh size (h), are illustrated in
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Fig. 23. The convergence rates for the TFEM Lo and energy norm errors are 1 and 2 respectively which is

consistent with expectations for second-order elliptic PDEs with linearly complete approximations [30].

T T T T T T T T T
1 1= FEM (0.31, Energy) |
24 i
£ ]
g ,] TFEM (1.03, Energy) |
o
a | o
5 51 A FEM(138,L,) 1
-— 4 -~ NA. ..
N a ]
74 i
| TFEM (2, L,)
84—

d T d T d T d T d
-0.5 -1.0 -1.5 -2.0 -2.5 -3.0 -35
log (h)

Figure 23: Lo and energy norms errors as a function of mesh size h for the meshes in Fig. 22.

5.8. Applications
5.3.1. Mesh morphing

To illustrate potential applications, we consider mesh morphing with implicit tangling. Mesh morphing
is essentially a mesh update where the topology is maintained while the mesh nodes are re-located according
to a specified rule [14]. It enables rapid simulation of geometric configurations. As an example, consider a

domain with a ‘plus’ shaped void at the center as in Fig. 24a, with the initial mesh as in Fig. 24b.

\_/

\_/

I~
™~ 1
L N~
L I~

[\
[\

(0,1) (1,1)

Y
\
\

/
/
L1

\
/

(0,0) (1,0)
(a) (b)

Figure 24: Mesh morphing application: (a) Domain with a void, and (b) initial quad mesh.

The inner void is now rotated in a counterclockwise direction by an angle 8, and the mesh is morphed as

follows. Nodes except the outer boundary nodes are rotated about the center such that the angle of rotation
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exponentially increase from 0° to 8 as nodes get closer to the void. Fig. 25 illustrates the morphed mesh for

B = T70°. Observe that some of the quads (shown in red) are concave, i.e., the mesh is implicitly tangled.

.

Figure 25: An implicitly tangled morphed mesh.

We carry out two experiments for this example. First, we apply Dirichlet boundary conditions corre-
sponding to u(x,y) = 0.579z + 0.246y — 0.374 over the entire boundary, with f(x,y) = 0. The Ly errors for
various values of § are illustrated in Fig 26a. For 8 < 60°, i.e., when there is no tangling, both FEM and
TFEM are able to capture the field exactly. However, for 5 > 50°, FEM error grows rapidly, while TFEM

error remains close to machine precision. The two condition numbers are illustrated (see Fig. 26b).

T T T T T T T T T T T T T T T T T T T T
——FEM 7 10*4 —O— FEM 4
10_5’ —O—TFEM E —O— TFEM
] ] o
g Q 3 | i
S i ] g 10
iy E E Z
£ 1074 1 5
e - ] %
i s
L a a 3 102_ u
10-15_ i
] ] 104 |
T T T T T T T T T T T T T T T T T T T T
0 10 20 30 40 50 60 70 8 90 0 10 20 30 40 50 60 70 80 90
B (degree) B (degree)
(a) (b)

Figure 26: Comparison of TFEM and FEM for four-element mesh: (a) Lo error vs. 8, (b) condition number vs. S.

Next, we set f(x,y) = 1 and zero Dirichlet condition is applied on the entire boundary. Fig. 27 illustrates

the post-processed results for 5 = 0°, 40°, and 70°.
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0.2 0.4 0.6 0.8
(a) 0.02561 () 0.02620 (e) 0.02624
- 001921 - 001965 -0.01968

0.01281 0.01310 0.01312

0.006403 0.006551 0.006561

0.0000 0.0000 0.0000
Figure 27: Post-processed solution using TFEM for 8 = (a) 0°, (b) 40° and (c) 70°.

5.8.2.  Aircraft model

We now consider an example where tangling can occur during meshing in practice. The mesh in Fig. 28a
was generated using the quad mesher proposed in [31]; it can be observed that one quad element (among
a total of around 600 elements) is concave, and the folded region is shared by two neighboring elements.
Here we solve a Poisson problem with f(z,y) = 10, with zero Dirichlet conditions on all edges. The TFEM

post-processed solution is illustrated in Fig. 28b.

0.08086

- 0.06065
0.04043

0.02022

0.0000

10
yias
S

8!

(a) (b)

Figure 28: (a) Mesh for an aircraft model, with one concave element.(b) TFEM solution to a Poisson problem.

FEM took 0.37 seconds to solve the problem (albeit incorrectly), while TFEM requires around 1.4 seconds
(post-processing was not included in either case). Fig. 29 illustrates the time distribution among various

TFEM steps (time taken to solve the linear system was negligible). The TFEM time can potentially be
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reduced by: (1) using a compiled language such as C, rather than MATLAB, (2) by developing more
efficient integration techniques, (3) reducing/optimizing the number of triangles in the folded region, and

(4) parallelization.

Assemble K
40.4%

Integration
31.9%

Geometric Processing
5.1%

Triangulation
22.6%

Figure 29: Time distribution for various TFEM steps for the aircraft model.

6. Conclusions

In FEM, a high quality mesh without tangles is always preferable over a tangled mesh. However, in
scenarios where tangling is unavoidable, the proposed tangled finite element method (TFEM) not only leads
to accurate results, but is also theoretically justifiable. Further, the proposed TFEM method only entails
adding certain correction terms to standard FEM, and can therefore be implemented in commercial FEM
packages.

Certain drawbacks and challenges in TFEM are to be noted. First, it was emphasized that in TFEM,
singularities in the Jacobian can arise if proper care is not taken during numerical integration. Second,
book-keeping can be challenging if there are a large number of tangled elements; fortunately, this problem
rarely arises in practice. Finally, as one can expect, there is a computational overhead in handling the
tangled elements in TFEM,; efficient implementations can minimize this overhead.

Several extensions of TFEM are possible. The most significant is the 3D extension to implicitly tangled
hexahedral meshes [32, 33]. Another possible extension is handling of curved elements where implicit tangling
is fairly common [34, 35, 36, 37]. It is also of significant theoretical and practical interest to extend the ideas
behind TFEM to iso-geometric analysis [38, 39] where, once again, implicit tangling can occur [40, 41, 42, 43],

and lead to erroneous results.

Replication of Results

The MATLAB code for TFEM is available at www.ersl.wisc.edu/software/ TFEM2DQuad.zip. The au-
thors have incorporated MATLAB functions [44], [45] in this work.
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